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In this article, we study non-analyticities or cusps near a topological phase transition driven by
changes of global topologies rather than by the formation of conventional (local) order. The par-
ticular phase transitions between topologically ordered superfluids and non-topological superfluids
studied in this article are always accompanied by the emergence or disappearance of Majorana
boundary modes, while at the critical point these boundary modes are liberated and evolve into the
bulk. Proliferation of massless Majorana fermions at the transition leaves unique thermodynamic
signatures. For a very broad class of isotropic superfluids or superconductors (with or without time
reversal symmetry), the resultant transitions in d spatial dimensions will be of (d+ 1)th order. The
(d+1)th order derivatives of the grand potential are either discontinuous in even dimensions or loga-
rithmically divergent in odd dimensions. Bulk quantities such as compressibility can develop a cusp
along with the change of topology of the superfluids. We compute quantitatively the cusp struc-
tures and further investigate the effect of interactions induced by massive fluctuation fields. These
cusps are direct manifestations of Majorana fermions and their interactions, and can be potentially
considered as an alternative approach for detecting these puzzling particles.
I. INTRODUCTION
Topological quantum matter has been a focus of
contemporary studies in condensed matter physics for
decades. It has become well known that, generally speak-
ing, there are two big classes of topological states. One is
purely driven by non-trivial twist band structures which
can be conveniently characterized by topological invari-
ants such as Chern numbers and Z2 indices. Examples
of this class include the quantum Hall effect1,2, which
explicitly breaks time reversal symmetry, and more re-
cent time reversal symmetric topological insulators which
have been extensively studied for more than a decade3–8.
The other class of topological states are exclusively driven
by interactions, and the topological orders in these sys-
tems are solely induced by strong interactions. Fractional
quantum Hall effect and spin liquids9–18 are great exam-
ples of this class of phenomena. The unique aspect of
these topological matters is that although some of them
can be characterized by non-trivial topological invariants,
there can also be an additional topological ground state
degeneracy when they live on a torus or other more com-
plicated non-simply connected geometry. Such topologi-
cal degeneracies are also intimately related to the topo-
logical entropy evaluated in terms of von Neumann en-
tropy which reflects very intimate connections between
the global topology of states and fundamental quantum
entanglement19,20.
Among the latter class of interacting topological mat-
ter, superfluids of px ± ipy type stands out as one of
the simplest examples21. Like other conventional su-
perconductors and superfluids, it breaks U(1) symme-
try spontaneously. This is unlike many other topological
states, interacting or non-interacting, which have non-
trivial global topologies but do not support simple lo-
cal order parameters. Hence, a topological superfluid
can have a transition into another superfluid state that
breaks the same symmetries but with a different topol-
ogy. Such an interesting possibility was suggested long
ago by the authors of Ref.22,23. A quantum phase tran-
sition like this, which is not driven by simple local order-
ing, is clearly beyond the standard Landau paradigm of
order-disorder phase transitions24,25. Although the phys-
ical consequence of topological ordering, i.e. the presence
of zero energy Majorana edge modes, was pointed out be-
fore and became widely known23,26–29, what happens to
the energetics of the bulk superfluids on the two sides
of topological phase transitions seems to have received
relatively little attention. As the direct detection of indi-
vidual Majorana fermions can be quite challenging30–32,
since they are charge neutral and usually manifest in very
peculiar ways, the collective signatures of these fermions
in thermodynamics can be an alternatively way to visu-
alize these emergent fermions in nature.
A full theoretical description of the energetics near
such a topological phase transition, and its connections
to topology, are what we intend to present in this article.
Our study is mainly based on an infrared effective theory
of Nambu (or Majorana) fermions interacting with a fluc-
tuation field in the vicinity of the phase transition. An
important difference when compared with the standard
Wilsonian theory for order-disorder phase transitions is
that in our case the U(1) gauge symmetry is broken at
the critical point when the topological phase transition
occurs between two states that spontaneously break the
same symmetries. As a result, the effective theory has
additional symmetry breaking terms which are usually
forbidden in the standard Landau paradigm. The de-
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2tailed contributions of those interactions to topological
phase transitions are classified and studied quantitatively
in this article.
One of our objectives in this study is to identify a
relation between interactions with fluctuations in terms
of Nambu fermions and interactions appearing in terms
of Majorana fermions in an effective description. The
former interactions can be more directly related to how
particles interact microscopically. We also intend to ex-
amine the similarity and/or differences between the in-
teracting Majorana models here and the ones studied in
the traditional field theory context. For this purpose, we
further formulate our effective theory in an irreducible
representation involving Majorana fermions interacting
with fluctuations of a real scalar field via Yukawa inter-
actions. However, as the U(1) gauge symmetry is broken
at the critical point, compared to the standard model
for interacting Majorana models, our effective theory ex-
pressed in terms of Majorana fermions and real scalar
fields again allows additional terms which further break
an Ising symmetry associated with the real scalar field.
Near the phase transition, non-analytical cusps develop
in the grand potential and thermodynamic quantities.
Due to the symmetry breaking terms, the details of dy-
namics in our theory will be different from the mini-
mum model of Majorana fermions coupled to a real field
via Yukawa interactions, which can lead to the N = 1
supersymmetry33–35 when the mass of the real field is
further tuned to zero. Supersymmetry has been consid-
ered as an interesting emergent phenomenon in various
condensed matter systems36–42.
The topological phase transitions studied here belong
to a class of critical points characterized by free Majo-
rana fermion dynamics. The unique bulk signatures of
these freely propagating Majorana fermions are the focus
of this study. We further illustrate how interactions be-
tween Majorana fermions and other fluctuating fields will
affect the non-analytical cusps near phase transitions. In-
terestingly, certain gradient operators (see section IV)
which usually lead to drastic changes of global topology
do not contribute to the cusp structures at all, not even
in a quantitative way, although interactions always mod-
ify the non-analytical structures obtained in the fixed
point theory. These non-analyticities hence can be an
indicator of interactions between Majorana fermions and
fluctuations.
Apart from the motivation of understanding topologi-
cal phase transitions, let us also emphasize another mo-
tivation of studying thermodynamic signatures of Ma-
jorana fermions at topological phase transitions from
a more pragmatic point of view. Although Majorana
fermionic modes are believed to be present in many con-
densed matter systems, experimental studies have been
mainly focused on zero energy Majorana modes or bound
states at interfaces. The thermodynamic signatures ob-
tained below suggest a potentially complimentary ap-
proach where the Majorana mass can be tuned by varying
parameters in our many-body systems such as interaction
strength and/or fermion densities. The Majorana zero
energy mode can further proliferate into the bulk at the
critical point, a remarkable property of fine tuned strong
interactions.
In the following, we are going to present the results
of our investigation on the topological phase transition
which further breaks the U(1) gauge symmetry, rotation
symmetry, etc. In section II, we provide a pedagogical in-
troduction to Majorana physics in superfluids as a cure to
the redundancy of many-body descriptions of fermionic
modes in superfluids. In section III, we present the ef-
fective theory and derive the fixed point Hamiltonian for
the topological phase transitions via the renormalization
group equation approach in the standard Nambu repre-
sentation for superfluids. Emphasis will be made on the
effect of spontaneous symmetry breaking on the phase
transitions. In section IV, we specify the nature of cusps
near the phase transitions in 2D. The fixed point theory
suggests that the transitions in d-dimensional isotropic
superfluids shall be (d + 1)th order. This conclusion is
valid for both time reversal symmetry breaking and time-
reversal symmetric superfluids. In addition, we show that
the cusp structure is robust against the change of UV
physics while the topology is not. In section V, we study
the effects of interactions between Majorana fermions
and fluctuations in superfludis. These interactions do
not change the order of phase transitions but can modify
the shape of the cusps. In section VI, we reformulate our
theory in terms of Majorana fermions, instead of Nambu
fermions, interacting with a real scalar field. We com-
pare this with the conventional field theory model of this
type. The action for the real scalar field explicitly breaks
the usual Z2 symmetry due to the breaking of U(1) sym-
metry both in superfluid phases and at transitions. We
also discuss the relation between these topological tran-
sitions and supersymmetry conformal field theories. In
section VII, we wrap up our investigation by discussing
implications on physical observables and possible experi-
mental detection of cusps at these transitions. In section
VIII, we conclude our research and identify a few open
questions that we plan to pursue in the future.
II. GENERAL PHENOMENOLOGY OF
MAJORANA FERMIONS IN SUPERFLUIDS
In general, Majorana fermions can emerge naturally
in superconductors or fermionic superfluids as a result
of U(1) symmetry breaking. The creation of a quasi-
particle with positive energy E is always equivalent to
the annihilation of a quasi-particle with negative energy
−E. This makes the fermionic superfluids or supercon-
ductors a potential condensed matter platform to study
Majorana fields first pointed out long ago in relativis-
tic field theory where particles are their own antiparti-
cles. The redundancy between creation and annihilation
of fermionic states in the standard many-body represen-
tation of a superfluid/superconducting state has been
3well known. Only relatively recently its intimate relation
to Majorana fields and Majorana fermions started to be
scrutinized quite intensively, partly because of the acces-
sibility to fermions with relativistic-like characters. Dur-
ing the last decade or so, there have been very intensive
experimental activities aiming at creating Majorana zero
energy modes on the surface of various quantum materi-
als and in hybrid structures, and using condensed matter
systems as a powerful platform to investigate Majorana
particles that have never been unambiguously verified to
exist in high energy particle physics30–32.
There are a few main trains of thoughts that have led to
the extensive studies of Majorana fermions in condensed
matter physics. One is related to early theoretical ex-
ploration of fractional quantum Hall states which reveals
a close relation between the non-Abelian statistics and
Majorana modes residing in vortices43–45. More recently
strongly interacting Majorana fermions in vortex lattices
were also discussed in Ref.46,47. The other one is from
the consideration of quantum computation where neutral
Majorana particles not only enjoy an advantage of immu-
nity from the conventional decoherence effects, but their
braiding also leads to potential universal quantum gates
needed for quantum computing48–50. The one that most
directly triggered many recent activities is perhaps the
idea of creating Majorana modes via a topological insu-
lator that had become available in many laboratories51.
This idea was later generalized to much broader classes
of interfaces, surfaces and hybrid structures30,31.
The emergence of Majorana physics in superfluids or
superconductors can be clearly seen by recalling the con-
struction of quasi-particle space. In non-interacting sys-
tems, at each given wave vector k, there is only one
pair of creation and annihilation operators (c†k, ck) where
{c†k, ck} = 1. If one is interested in the excitations out
of the Fermi sea, it is more convenient to separate the
degrees of freedom below and above the Fermi surface.
Then one can introduce (d†k, dk) for |k| < kF so that
dk = c
†
−k, d
†
k = c−k, and {d†k, dk} = 1; d†k is the creation
operator of a hole-like state. And for |k| > kF , one keeps
the notion of (c†k, ck). (We mute the spin indices here as
they do not carry significance for our purpose.)
As a superfluid or superconductor breaks U(1) sym-
metry which leads to the hybridization of c†k and c−k (or
d†k) for arbitrary k, one needs to extend the definition of
(c†k, ck) and (d
†
k, dk) to all possible k. This results in an
effective Nambu space where at each k there exist two
pairs of creation and annihilation operators (c†k, ck) and
(d†k, dk) instead of the one pair (c
†
k, ck) we start with.
This is of course redundant. The redundancy is then
removed by the constraint that the creation of a particle-
like excitation of momentum k in superfluids or supercon-
ductors has to be equivalent to the creation of a hole-like
state and vice versa. Indeed, together with relativistic
characteristics of fermions due to either underlying band
twisting5,6,51 or odd-parity pairing, it can lead to Majo-
rana fermions. See Fig. 1 for illustration. In fact, this
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Figure 1. (a) Two equivalent ways to describe non-interacting
fermions. Ek is the energy measured from chemical potential
µ. In the left figure, there is one complex fermion degree of
freedom at each k associated with the creation operator c†k.
All states below the chemical potential with negative energy
are filled (dashed line), while all states above chemical poten-
tial with positive energy are empty (solid line). In the right
figure, for the states below the chemical potential (dashed
line) one redefines the fermion creation operator as an anni-
hilation operator for a hole-like fermion so that c†k = d−k. d
†
k
defined in this way and c†k for the rest of momentum space
only create excitations with positive energies. (b) One can
extend the definition of c†k and d
†
k to the whole momentum
space to preserve the particle-hole symmetry at each given k
and include full positive and negative energy bands. Note that
now at any given k, there appear to be two complex fermion
degrees of freedom, d†k and c
†
k. Hence, the representation is re-
dundant. When interactions are introduced, these two bands
can be hybridized as shown on the right. The redundancy
can be removed by either removing the lower band so that for
each given k there is only one single complex fermion degree of
freedom, or by keeping only half fermion or one Majorana de-
gree of freedom in lower and upper bands respectively. (c)The
phase transition driven by chemical potential. For µ < 0 the
system is in the gapped topologically trivial superfluid phase.
At µ = 0 the gap closes. For µ > 0, the bulk gap reopens
(edge states are not shown here) and the system is in the
topological superfluid phase.
is what happens in p-wave superfluids considered below,
where the symmetry between particle-like and hole-like
states, together with the emergent relativistic fermion
dispersion, results in Majorana fermions.
In the following discussions, we will then utilize the
Nambu fermion representation to carry out the discus-
sion as this naturally arises in the course of many-body
4state constructions. The Nambu fermion representation
is also the most convenient if one is interested in making
a connection between the effective theory and the orig-
inal UV model and perhaps microscopically what hap-
pens to the superfluids at topological phase transitions.
Later, this is shown to be equivalent to the irreducible
Majorana representation where the Majorana fields can
be reconstructed out of the Nambu fermions. The effec-
tive interactions between Majorana fermions and the real
scalar field can be mapped back to the theory in terms
of Nambu fermions.
III. EFFECTIVE THEORY FOR TOPOLOGICAL
PHASE TRANSITIONS WITH BROKEN
SYMMETRIES
The main difference between the topological phase
transitions we are interested in here and many other
topological phase transitions discussed before is that the
transition occurs at a point that exhibits spontaneous
symmetry breaking. This is because the two phases on
the two sides of the transition have the same conventional
local ordering and same local pairing order parameters
but only differ in topology. The effective theory in the
Nambu fermion representation should fully represent this
fact and allow additional symmetry breaking terms ex-
plicitly to accommodate this unique feature. For sim-
plicity but without loss of generality, we first focus on
isotropic superfluids (i.e. superfluids with isotropic gaps)
of 2D spinless fermions. Later, we extend the analysis to
other isotropic superfluids with time reversal symmetry
(TRS); the cusp structures are robust, with or without
TRS.
To start with, we introduce spinless Nambu fermions
in 2D as
ψ(k) = (ck, dk)
T , ψ†(k) = τxψ(−k), (1)
where the second equation follows the definition of dk:
d†k = c−k and c
†
k = d−k, and τx is the Pauli matrix in
Nambu particle-hole space. This, together with a single
pairing amplitude dynamic field (or real scalar field) re-
sulted from the spontaneous breaking of U(1) (or SO(2)
rotational) and time reversal symmetries, forms the basis
of the effective theory near the transition. Below we dis-
cuss the renormalization flows of the effective field theory
and their consequences on the universality. The renor-
malization group (RG) analysis suggests the fixed point
Hamiltonian in the infrared limit relevant to the observ-
ables.
A. Effective field theory
Near the transition in the low energy limit, both the
real bosonic and the fermionic fields shall develop an
emergent relativistic dispersion. We introduce the ef-
fective Lagrangian density in the Euclidean space for 2D
spinless px − ipy type superfluid as
L = Lφ + Lψ + Lψφ + LSSB{ψ,φ};
Lφ = −1
2
φ(∂2τ + v
2
b∇2 −m2)φ+ gbφ4;
Lψ = 1
2
ψ[∂τ + vf~τ · (−i∇)− µτz]ψ;
Lψφ = gbfφ2ψτzψ;
LSSB{ψ,φ} =λbfφψτzψ + λbφ3. (2)
Here ψ (ψ) is the Grassmann field for Nambu fermions
ψ† (ψ) defined before. φ is a real scalar or a real bosonic
field coupled to the neutral Nambu or Majorana field.
~τ = (τx, τy), where τx,y,z are Pauli matrices in Nambu
particle-hole space, and ∇ is the 2D gradient operator.
Lφ(Lψ) describes the fluctuating bosonic (fermionic) field
dynamics, while Lψφ describes the most relevant gauge
invariant interactions between the two fields. Lφ, Lψ,
Lψφ are all invariant under a pi phase shift of the φ
field, i.e. under φ → −φ. LSSB{ψ,φ} describes additional
interactions that can also be attributed to spontaneous
symmetry breaking (SSB). Terms in LSSB{ψ,φ} are usually
absent if the phase transition occurs without breaking
the underlying U(1) gauge symmetry; however they shall
naturally appear when the symmetry is broken as in su-
perfluid phases we are considering (see below for more
discussions.)
One can easily read out the bare Green’s functions
from the effective Lagrangian
G
(0)
B (ω, k) = −
1
ω2 + v2bk
2 +m2
, (3)
G
(0)
F (ω, k) = −
iω + vf~τ · k− µτz
ω2 + v2fk
2 + µ2
. (4)
We make the following remarks on the effective theory
before proceeding further.
1) In the effective theory, the real scalar field φ de-
scribes pairing amplitude fluctuations in a symmetry
breaking state and the Nambu field ψ represents emer-
gent Majorana fermions near transitions. We have in-
troduced the effective chemical potential µ which plays
the role of Majorana mass52. We have also reduced the
microscopic complex pairing field to a real scalar field as
the Majorana fermions are real and the coupling to phase
fluctuations can be shown to be infrared irrelevant. The
Goldstone mode hence has been muted in the effective
model and we restrict ourselves to the interactions with
the amplitude modes. The condensed part of the pairing
field has been treated as a classical field and thus is not
explicitly present in the effective model. In fact, since
the condensed part is not present in the fluctuating field
φ, we should have 〈φ〉 = 0.
2) The pair condensate that leads to SSB, though not
shown explicitly in the effective theory, manifests in two
ways. One is to suggest relativistic features of fermionic
5fields ψ, consistent with a px−ipy pair condensate. Phys-
ically, fermion velocity vf is related to the microscopic
condensate amplitude ∆. φ fields are also in an explicit
relativistic form. The relativistic feature is fully consis-
tent with the pair fluctuations induced by the relativistic
fermions as well as the particle-hole symmetry of pairs.
The other effect of the condensate is to introduce sym-
metry breaking terms in the interaction action which we
elaborate on below.
3) In the effective theory, we only include the most rel-
evant interactions constructed out of the two fundamen-
tal fields ψ and φ. In LSSB{ψ,φ}, we further include terms
that naturally emerge in symmetry breaking superfluids.
Originating from the breaking of the U(1) gauge symme-
try at the critical point, these terms also break a discrete
symmetry under a transformation of φ → −φ. Here, we
do not show interactions involving gradient operators and
terms with more than five field operators; they are less
relevant and do not affect the discussions we have later
on.
4) As a field theory model, in the absence of LSSB{ψ,φ}, Eq.
(2) exhibits a few obvious fixed points where scale invari-
ance emerges in the infrared limit. These fixed points can
be identified as critical points for different physical sys-
tems. The first one is the standard Wilson-Fisher fixed
point of the real bosonic field when the mass m is fine
tuned. Another is the free Nambu fermion fixed point,
or more precisely Majorana fermion fixed point as illus-
trated more explicitly later in the Majorana representa-
tion, when the fermion chemical potential is fine tuned.
The third less obvious one can be related to a multi-
critical supersymmetry fixed point when the Yukawa in-
teraction in LSSB{ψ,φ} is included. However, it requires high
degrees of fine tuning in our case, much more than in
generic critical phenomena. We do not proceed along
this direction in this article, but will nevertheless briefly
comment on it later in the Majorana fermion represen-
tation where the issue of supersymmetry becomes more
apparent.
5) In this low-energy effective theory, the ultra-violet
(UV) cut-off Λc is much smaller than the UV cut-off
of the microscopic model. For a generic situation, m2
and the interaction constants gb and λb of the fluctuat-
ing fields, are set to be positive. The cusp structure in
thermodynamic quantities is purely dictated by infrared
physics, and naturally its leading order behaviour does
not rely on our detailed assumption of Λc. To facilitate
our discussions on interactions and interacting Majorana
fermions, we have also set Λc  ∆ and hence much less
than the mass m as the magnitude of m shall be related
to microscopic condensate amplitude ∆. This is for the
convenience of the discussion, but the qualitative effects
of the interactions do not rely on this particular regu-
larization scheme. A microscopic model might result in
negative gb implying a discontinuous first order phase
transition. We do not consider such a possibility here
and restrict ourselves to continuous transitions where gb
is positive.
B. A renormalization-group-equation (RGE)
analysis via Nambu fermions
As the topological phase transition occurs inside a sym-
metry breaking state, generically without further fine
tuning, the bosonic fluctuation field is always massive
and drives the renormalization group (RG) flows away
from the fine tuned Wilson-Fisher fixed point in the in-
frared (IR) limit. For this reason, instead of rescaling all
interactions with respect to the massless free field theory,
it is most convenient to rescale all the operators in the
effective field theory with respect to the mass term m
of the real scalar field. As the mass term of the boson
field dominates and is most relevant in the infrared limit,
we demand m2 not rescale during renormalization when
the UV cut-off Λc  m, i.e. setting the following scaling
dimensions for the two fields:
d[ψ] = d/2, d[φ] = (d+ 1)/2, (5)
where d[..] denotes the scaling dimension of [..], and d is
the spatial dimension of the system. The scaling dimen-
sion of φ is different from that of the standard RG where
the UV cut-off Λc is much larger than the mass m in
the theory and the massless part of the theory remains
invariant under rescaling with d[φ] = (d − 1)/2. As a
result, the scaling dimensions of each operator are also
different from those in the standard RG:
d[m] = 0, d[µ] = 1, d[λbf ] = −(d− 1)/2,
d[gbf ] = −d, d[λb] = −(d+ 1)/2, d[gb] = −d− 1. (6)
Note that in 1D the Yukawa interaction λbf is marginal.
The physical dimensions of each operator in the rela-
tivistic effective model are [m] = L−1, [µ] = L−1, [gbf ] =
Ld−2, [gb] = Ld−3, [λbf ] = L(d−3)/2 and [λb] = L(d−5)/2.
We summarize these results and compare the difference
between standard RG and the RG used in the SSB state
in table I.
As we intend to apply the effective field theory to the
infrared energy scale much lower than m, we can expand
the boson propagator in orders of the small parameter
1/m2 and approximate the boson propagator to the lead-
ing order of this parameter
G
(0)
B (ω, k) ≈ −
1
m2
(
1− ω
2 + v2bk
2
m2
)
≈ − 1
m2
. (7)
In this approximation, the boson propagator does not ex-
plicitly depend on frequency or momentum. As a result,
in the leading order of 1/m2 there are no renormalization
effects on field operators φ and ψ, or velocities vb and vf .
The self-energies only renormalize the effective mass m
and effective chemical potential µ.
To analyze the renormalization flows, it is convenient
to define the following dimensionless operators:
µ˜ = µΛ−1,
λ˜bf = λbfΛ
(d−1)/2/m, g˜bf = gbfΛd/m2
λ˜b = λbΛ
(d+1)/2/m3, g˜b = gbΛ
d+1/m4. (8)
6parameters physical di-
mension for
relativistic
dispersions
standard scal-
ing dimension
i.e. for m Λ
SSB phase scal-
ing dimension
for m Λ
φ L−(d−1)/2 (d− 1)/2 (d+ 1)/2
ψ L−d/2 d/2 d/2
vb L
0 0 −1
vf L
0 0 0
m L−1 1 0
µ L−1 1 1
gb L
d−3 3− d −d− 1
gbf L
d−2 2− d −d
λb L
(d−5)/2 (5− d)/2 −(d+ 1)/2
λbf L
(d−3)/2 (3− d)/2 −(d− 1)/2
Table I. Comparison of the scaling dimensions of each opera-
tor in two renormalization schemes. The physical dimensions
of each operator are obtained from the standard relativistic
Lagrangian where [ω] = [k] = L−1 and [vb] = [vf ] = L0.
In the standard renormalization scheme where m  Λc,
the scaling dimension is negative of the physical dimension.
In contrast, in the renormalization scheme used for sponta-
neous symmetry breaking (SSB) states discussed here where
m  Λc, m is subject to almost no renormalization effects
(see text for more discussions). This suggests a more eco-
nomical alternative scale transformation that leaves the mass
term invariant and redefines the scaling dimensions of other
operators accordingly.
Here we incorporate m into the definition of the dimen-
sionless parameters to compensate the difference between
physical and scaling dimensions of each operator. This
definition has two benefits: (1) the RG equations of the
interaction constants do not contain m explicitly; (2) all
the above dimensionless interaction constants can still be
treated as small parameters even if the physical interac-
tion strengths normalized in the standard way in terms
of the UV cutoff reach the order of unity.
In the following discussions of Nambu fermion repre-
sentation, we set d = 2. We also keep leading order
contributions up to the second order of interactions in
the RG equations; in addition, since we are interested in
the phase transition where µ˜ is small, we include its effect
by keeping diagrams linear in µ. In Fig. 2, we show the
complete set of diagrams following these criteria.
To verify that the system is indeed in the U(1) symme-
try breaking phase and justify Eq. (7), we first analyze
the renormalization of mass m under rescaling Λ→ Λeb,
b < 0 using the RG equation
dm2
db
= K−1d+1v
−1
f (−2µ˜g˜bf − 6v2f g˜b + 2λ˜2bf + 18v2f λ˜2b)m2,
(9)
where Kd+1 = 2
dpi(d+1)/2Γ
(
d+1
2
)
, and Γ is the Gamma-
function. This equation describes the slow flow of m2
in the limit Λ → 0 (Fig. 3). In the IR regime, m2 is
approximately a constant under rescaling and the system
remains in the symmetry breaking phase. m2 can have
arbitrary values depending on the initial condition.
(a)
(b)
(c) (d)
(e)
(f)
Figure 2. Diagrams included in our perturbative RG anal-
ysis. We keep the leading order contributions up to second
order of interaction constants and up to first order of µ. The
bold solid lines represent fermion propagators and the wavy
lines boson propagators. (a) boson mass renormalization, (b)
effective fermion chemical potential renormalization (c) λbf
renormalization (d) gbf renormalization (e) λb renormaliza-
tion (f) gb renormalization.
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Figure 3. RG flows in the reduced m2 − g˜b, m2 − λ˜bf and
m2 − λ˜b plane. Arrows indicate the direction of flow towards
the infrared direction. When the UV scale Λc of the effective
theory is much less than m, m(Λ) itself receives almost no
renormalization effects and remains approximately invariant
under the change of running momentum scale Λ < Λc [see Eq.
(9)] suggesting an effective disordered fixed point.
Next, we obtain the RG equations of the effective
chemical potential and interaction constants to study the
topological phase transition:
dµ˜
db
= −µ˜+K−1d+1v−1f (v2f g˜bf + µ˜λ˜2bf ), (10)
dλ˜bf
db
=
d− 1
2
λ˜bf − 3K−1d+1v−1f λ˜bf g˜bf µ˜
+K−1d+1vf (3λ˜bf g˜b + 12λ˜bg˜bf ),
(11)
dg˜bf
db
= dg˜bf + 30K
−1
d+1vf g˜bf g˜b − 2K−1d+1v−1f g˜2bf µ˜, (12)
dλ˜b
db
=
(d+ 1)
2
λ˜b + 3K
−1
d+1v
−1
f g˜bf λ˜bµ˜
+K−1d+1v
−1
f (81v
2
f g˜bλ˜b + 4λ˜bf g˜bf ),
(13)
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Figure 4. RG flows of effective chemical potential µ and in-
teractions for 2D chiral superfluids. We select two operators
for each figure and plot the flows in their reduced plane by
setting other interactions to zero. All the interactions flow to
zero in the infrared limit and µ has an unstable IR fixed point
at µ = 0. This illustrates that all interactions are irrelevant;
while the effective chemical potential is a relevant operator
that drives the topological phase transition.
dg˜b
db
=(d+ 1)g˜b + 4K
−1
d+1vf g˜bf g˜bµ˜
+K−1d+1v
−1
f (84v
2
f g˜
2
b + 2g˜
2
bf ).
(14)
We analyze the fixed point of these coupled differential
equations by numerically plotting the flows of these op-
erators under rescaling (Fig. 4). As one can see, all the
interactions flow to zero in the IR limit suggesting the
system is effectively non-interacting at the critical point.
The effective chemical potential has an unstable fixed
point µ˜ = 0, indicating µ is the only relevant operator
that drives the phase transition.
In conclusion, the IR stable fixed point corresponds
to λ˜b = λ˜bf = g˜b = g˜bf = 0 but with arbitrary m;
the fluctuating boson field is effectively at a disordered
fixed point and the system is weakly interacting near the
critical point. The effective fermion chemical potential
µ is the only relevant operator with IR unstable fixed
point µ˜ = 0, which drives the phase transition between
topological and non-topological superfluids. Below we
will focus on the properties near such a fixed point.
C. Identification of the fixed point action for
topological phase transitions
The RG analysis above indicates that the topological
phase transition corresponds to free Nambu or Majorana
fermions weakly interacting with massive bosons, with
the weak interaction limit as a stable fixed point in the
hyper-surface of µ˜ = 0, and a fixed point Lagrangian
LFP = 1
2
ψ[∂τ + vf~τ · (−i∇)− µτz]ψ. (15)
We can then take this as a starting point to explore
the physical consequences of weakly interacting Majo-
rana fermions. The relevance of free Majorana fermions
to the phase transition has been previously suggested in
the course of studying duality theories53. We refer to
Ref.54–58 for detailed discussions on dual representations.
As all interactions are renormalized to a weak cou-
pling fixed point in the infrared limit and scale as 1/mα,
α = 1, 2, 3, 4..., to understand the infrared physics we ex-
pand the effective action near the fixed point via a 1/m
expansion. By keeping terms of up to O(1/m) only, we
obtain
LIR =1
2
ψ[∂τ + vf~τ · (−i∇)− µτz]ψ
− 1
2
φ(∂2τ + v
2
b∇2 −m2)φ
+ λbfφψτzψ,
(16)
which describes a massive fluctuating boson field and a
Nambu fermion field interacting with each other. We
keep the boson field kinetic term to restore the relativis-
tic feature but it does not play much a role in the fol-
lowing analysis of energetics. Note as the Yukawa term
above has the least negative scaling dimension among
all the interaction operators, the 1/m expansion here
effectively selects out the most important contribution
among all the infrared irrelevant interactions near the
fixed point. Below we explore the signatures near the
topological phase transitions using this reduced form of
the effective action.
IV. CUSPS AS SIGNATURES OF FREE
MAJORANA FERMIONS EMERGING AT A
TOPOLOGICAL PHASE TRANSITION
In this section, we analyze the signatures of the topo-
logical phase transition in px ± ipy superfluids. We con-
sider the grand potential Ω of the theory, especially near
µ = 0 where the Nambu or Majorana fermions are mass-
less, and expand Ω as a function of µ. We study the
grand potential by a standard diagrammatic expansion
and illustrate the origin of the non-analytical structures
or cusps in the grand potential and compressibility.
8A. Cusps
Since the leading order non-analyticity at critical point
is dictated by the IR physics, we can use the fixed point
Lagrangian Eq. (15) obtained from the RG analysis to
find the leading non-analytical structure or cusp in the
grand potential near the phase transition. The irrele-
vant operators can potentially modify the details of the
cusps but do not affect the qualitative structure. We will
discuss these irrelevant operators in the later sections.
In principle, the fixed point Lagrangian can be solved
exactly without diagrammatic expansions. However, the
diagrammatic approach shows explicitly the origin of
non-analytical terms and can later be generalized to in-
corporate the effect of interaction constants and other
irrelevant operators.
To find the non-analytical structures of the grand po-
tential, it is convenient to treat µ as an external classical
field and set µ = 0 in the bare fermion Green’s function
[Eq. (4)]. In this way, we can explicitly separate the non-
analytical part from the analytical part systematically in
arbitrary dimensions. Contributions to the grand poten-
tial involve all one-loop diagrams with external µ-legs,
such as those in Fig. 5(a).
Under the fixed point Lagrangian LFP, the number of
fermionic propagators is equal to the number of external
legs in one-loop diagrams. We notice that only diagrams
with even number of fermion propagators, i.e. those are
even orders of µ, contribute to the grand potential; while
diagrams with odd numbers of fermion propagators van-
ish identically. This is because each vertex is associated
with a traceless matrix τz. For the diagrams with odd
number of fermion propagators, the product of all the
propagators and vertices always yields a traceless ma-
trix. Therefore, they do not contribute to the grand po-
tential. This also implies that the grand potential is even
under µ → −µ transformation, as all the non-vanishing
diagrams are even orders in µ.
The non-analyticities of the grand potential comes
from the resummation of all IR divergent diagrams. We
isolate these diagrams by analyzing the IR scaling of each
diagram using dimensional analysis. The contribution to
the grand potential from diagrams with N = 2n external
legs scales as
ΩN ∼ µNkd+1−Nv1−Nf . (17)
This indicates that diagrams withN ≥ d+1 have infrared
divergences and require resummation.
In 2D, standard calculations suggest the following
structure after resummation of all IR divergent diagrams
with N = 2n ≥ 4 external legs
Ω2DNA = lim
→0+
µ3
∞∑
n=2
A2n
(µ

)2n−3
v1−2nf , (18)
where A2n’s are the coefficients of each diagram and the
infrared momentum scale  approaches zero. The resum-
mation result (see Eq. (19) and Appendix A) suggests
(a)
(b)
...
...
...
...
Figure 5. Diagrams contributing to the grand potential Ω.
(a) Diagrams for the fixed point action [see Eq. (15)], where
all interactions are set to zero. The solid lines represent gap-
less free relativistic Majorana fermion propagators, while the
dashed lines represent effective chemical potential µ which
is treated as an external field. (b) When the gradient term
associated with non-relativistic effects LG [Eq. (29)] is in-
cluded, diagrams shown here also contribute to the grand po-
tential. The crosses represent the gradient term in LG, which
is treated as a separate type of vertices. In both (a) and
(b), only diagrams with even number of fermion propagators
contribute to the grand potential; those with odd number of
fermion propagators vanish.
the following non-analytical scaling function
Ω2DNA ∝
|µ|3
v2f
. (19)
Therefore, we can effectively treat  as an IR regulator
that scales as |µ|/vf .
The detailed calculation of the prefactor of this cusp is
carried out in appendix A and we present the result here
Ω2D =
|µ|3
12piv2f
+ analytical terms. (20)
This structure suggests that in 2D the topological phase
transitions involving Majorana fermions are 3rd order
transitions with corresponding cusps in the grand po-
tential.
The third order phase transitions in 2D px + ipy spin-
less superfluids were pointed out in a previous study. In
Ref.59, a solvable pairing model only taking into account
the pair scattering in the (k,−k) channel was used to an-
alyze the phase transition. As the scatterings in non-zero
total momentum channels are all absent in the model, the
fluctuation effects are suppressed by construction.
As a consequence of the cusp in the grand potential,
the effective compressibility κ defined in terms of the
effective chemical potential µ, κ = −∂2Ω/∂µ2, also has a
non-analytical part that can be measured experimentally.
9Isolating the non-analytical part of the grand potential,
we obtain the non-analytical part of compressibility in
2D,
κ2DNA = −
|µ|
2piv2f
. (21)
In general, the diagrammatic expansion is applicable
to other spatial dimensions if the transitions involve Ma-
jorana fermions. However, there is a subtle difference
between even and odd dimensions as demonstrated be-
low.
From Eq. (17), we conclude that all diagrams with
N = 2n ≥ d+ 1 external legs are infrared divergent and
require resummation. In even spatial dimensions, d + 1
is odd and the above condition indicates that all infrared
divergent diagrams must have n ≥ (d + 2)/2 and the
resummation takes a form similar to the 2D case
ΩevenNA = lim
→0+
µd+1
∞∑
n=(d+2)/2
A2n
(µ

)2n−d−1
v1−2nf ,
(22)
where the first term in the summation approaches infinite
as 1/. Like in the 2D case, one can show that the diver-
gence can be effectively regularized by setting  as an IR
regulator proportional to |µ|/vf . The non-analytical part
of the potential has the following form after resummation
ΩevenNA ∝
|µ|d+1
vdf
, (23)
where the (d + 1)th derivative is discontinuous at µ = 0
with different limits on two sides. So the phase transition
is (d+ 1)th order.
However, in odd spatial dimensions, all diagrams with
2n external legs and n ≥ (d + 1)/2 have infrared di-
vergence. Therefore, there always exists a marginally
divergent diagram with N = 2n = d + 1 legs and the
resummation result becomes
ΩNA = lim
→0+
µd+1
[
Ad+1v
−d
f ln
Λc

+
∞∑
n=(d+3)/2
A2n
(µ

)2n−d−1
v1−2nf
]
.
(24)
where we have isolated the marginal contribution
ln(Λc/) from the rest of the summation. Note here the
first term in the summation is divergent as 1/2. Follow-
ing the same argument, the resummation suggests the
non-analytical form
ΩoddNA ∝
µd+1
vdf
ln
|µ|
v2f
. (25)
Different from even dimensions, the (d+1)th derivative of
ΩNA is now weakly (logarithmically) divergent at µ = 0.
The phase transition again is (d + 1)th order for odd
dimensions.
In conclusion our analysis suggests that in even dimen-
sions, the topological phase transitions involving Majo-
rana fermions are (d+1)th order transitions, with discon-
tinuities in (d+1)th order derivatives. In odd dimensions
it is also (d+1)th order but with divergent (d+1)th order
derivatives at the critical point. Later, we compute the
leading non-analytical terms quantitatively in 1D and 3D
and present the result in section VI (and Appendix A).
So far we have computed the cusps via the fixed point
field theory completely neglecting other terms. Prac-
tically there are always additional interactions or per-
turbations potentially causing deviations from the cusp
structures we have obtained. A question arises: what as-
pect of the cusps will be affected or not affected by which
perturbations. Below we classify and study such effects.
Generally speaking, there are two types of perturba-
tions to the fixed point action. The first type modifies
the dispersion of free Majorana fermions; and the second
type describes the interactions. In this section, we focus
on the non-interacting case and show that the UV rele-
vant gradient terms that alter the dispersion relation do
not affect the leading order of the cusps at all (Sec. IV B).
Then in Sec. V, we analyze the effect of interactions on
the cusps. Although the interaction do not change the
type of non-analyticity in the grand potential, they do
modified the amplitude of the cusps.
B. Robustness of the cusps: effects of gradient
terms from non-relativistic dispersion
The first class of perturbations is due to gradient terms
of the following form,
LG = 1
2
ψ
(
−∇
2
2
τz
)
ψ. (26)
It arises naturally in microscopic theories of superfluids
reflecting that the underlying physics is non-relativistic
and the relativistic feature of the effective theory only
emerges in the infrared limit. Once the system is in the
relatively high energy scales, the non-relativistic nature
of underlying fermions always re-emerges, leading to de-
viations from the relativistic physics. Here we show that
the non-relativistic correction does not enter the leading
order of the non-analytical structure at all, not even in
a quantitative way. It only modifies the regular terms or
higher order non-analyticities which are not the concern
of the current study. For instance, in 2D not only the
critical indices are unaffected as one expects, but even
the leading cusp structure of the grand potential is im-
mune of these non-relativistic effects.
We treat the gradient term from the non-relativistic
dispersion [Eq. (29)] as a separate vertex and perform
a similar dimensional analysis on the one-loop diagrams
involving both the gradient term and effective chemical
potential [Fig. 5(b)]. Again as the total number of ver-
tices is always equal to the number of propagators in one-
loop diagrams, all diagrams with odd number of fermion
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Figure 6. Topological phase transitions driven by the effective
chemical potential µ. We demonstrate the change of topology
in a spinless system using Chern number nc and chiral edge
modes in a 2D strip geometry. (a) For µ < 0 the superfluid is
topologically trivial with no edge mode; while for µ > 0 the
superfluid is topologically non-trivial with chiral edge modes.
(b) Chern number nc defines the topology of a state and gen-
erally depends on the UV behaviour of the theory. Here we
show the instability of the Chern number with respect to in-
frared irrelevant operators in an extended theory with the UV
cut-off Λc → ∞. The top is for an extended theory with an
additional irrelevant gradient term in Eq. (29); the bottom
is for the fixed point theory without the gradient term. Note
that the edge mode physics remains largely unaffected by such
a gradient.
propagators vanish due to the traceless τz matrix in each
vertex; and the total number of vertices is also even.
For a diagram with N effective chemical potential and
N ′ gradient terms with N +N ′ even, its contribution to
the grand potential scales as
ΩN,N ′ ∼ µNkN ′−N+d+1vN+N
′−1
f (27)
in the IR regime. As we can see, for the same order of
µ (i.e. fixed N), the more gradient terms (i.e. the larger
N ′ is), the less singular ΩN,N ′ is in the infrared limit.
For even N , diagrams without the gradient term give the
leading infrared singularity. For odd N , all the diagrams
without gradient terms vanish, and diagrams with one
gradient term give the leading infrared singularity. For
example, in 2D not only diagrams withN ′ = 0 andN ≥ 4
are singular, diagrams with N ′ = 1 and N ≥ 5 also
have infrared divergences and require resummation. For
N ′ = 0, the resummation gives the same non-analytical
term |µ|3 as the previous section without the gradient
term; for N ′ = 1, similar resummation procedure gives
the non-analytical term of higher order of µ.
In conclusion, the gradient term from non-relativistic
dispersion does not alter the leading non-analytical struc-
ture in the grand potential at all. However, it does gen-
erate higher order non-analytical terms.
Before ending this part of discussions, we comment
on the other seemingly surprising aspect of the gradient
terms. Although the gradient term is infrared irrelevant
from the standard scaling point of view and does not
contribute to the leading non-analytical structures at all,
it does change the UV physics, and hence can result in
the change of topology. This is because topology is a
global property depending on the entire energy spectrum
including the UV part, while the leading order of the
cusps only depend on the low energy physics.
This can be clearly illustrated by considering the devia-
tion from the fixed point action due to this gradient term.
For the convenience of the discussions on topology and
edge modes, instead of using the fixed point Lagrangian
in Eq. (15), we use the fixed point (FP) Hamiltonian
density
HFP = 1
2
ψ† [~τ · (−i∇)− µτz]ψ (28)
and extend the UV cut-off to infinity, i.e. Λc → ∞, so
that we can define its topology. The Chern number asso-
ciated with this extended model is nc(µ > 0) = 1/2 and
nc(µ < 0) = −1/2. δnc = nc(µ > 0) − nc(µ < 0) = 1 as
one varies the effective chemical potential from a negative
value to a positive value, so that the interface of the two
states with opposite signs in effective chemical potentials
always has a Majorana mode present, a well known fact.
We can further use the extended model to define a phys-
ical vacuum with no fermions; one can achieve this by
taking the limit µvac → −∞. A 2D disk then supports
a Majorana edge mode when µ > 0 and no edge modes
otherwise.
Next, we consider a theory defined by HFP + HG by
including the gradient term in Eq. (29), where we rewrite
the gradient term using the Hamiltonian density
HG = 1
2
ψ†
(
−∇
2
2
τz
)
ψ. (29)
The Chern number nc is shifted by one-half. Now,
nc(µ < 0) → 0 and nc(µ > 0) → 1. However, the dif-
ference between the Chern numbers on the two sides of
the transition δnc remains invariant with respect to the
addition of the gradient term (Fig. 6). One can further
show that the existence or absence of edge modes will also
remain unaffected when including such a gradient term,
mainly because the edge Majorana mode itself, just like
the leading order behaviour of the cusps, only depends on
the infrared limit of the theory when the gradient term
HG becomes irrelevant. Only the spatial structure of the
Majorana modes will be slightly perturbed and deformed
due toHG in the limit of interest. Therefore, one can still
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describe the topological phase transition by the effective
theory neglecting the gradient term from non-relativistic
dispersion.
The shift of the Chern number by one-half unit can be
simply attributed to a change of the Hamiltonian mani-
fold when the gradient term is added. The Hamiltonian
manifold without the gradient term is equivalent to one-
half of a two-sphere S2 while it turns into a two-sphere
S2 when the gradient term is present. In the later case,
the Hamiltonian defined in k space effectively results in
mappings from S2 to S2 and it can be topologically non-
trivial and is classified by the second homotopy group of
S2, pi2(S
2) = Z. Only µ > 0 fall into a non-trivial class
while µ < 0 corresponds to a trivial mapping. Formally
speaking, since at each k point eigenmodes of the Hamil-
tonian HFP + HG are non-degenerate, there can be a
one to one mapping between the classical manifold of the
Hamiltonian characterized by its homotopy groups, and
the state vector subspace (with either positive or negative
energies) characterized by Chern-numbers. Physically,
this indicates that the topology of many-body ground
state shall be unique for a given equivalent class of the
Hamiltonian. Classification of the Hamiltonian manifold
in this case provides a convenient way to classify super-
fluids.
V. FINE STRUCTURES OF CUSPS:
RENORMALIZATION EFFECTS OF
INTERACTIONS
In the previous section, we have discussed the non-
analytical cusps in the limit of Majorana fermion fixed
point where Majorana fermions propagate freely without
interactions. We have shown that these non-analytical
cusps are very robust, uniquely associated with the in-
frared physics described in the effective theory, and its
leading term cannot be altered by simply varying the
UV physics, such as adding a UV relevant gradient term
discussed above. Now we turn to the interesting effect
of the interactions between Majorana fermions and the
fluctuating pairing fields on the cusps. The limit of in-
teracting Majorana fermions is more generic, naturally
emerging at phase transitions due to the coupling to var-
ious fluctuations. The question we are answering here is
whether and how the cusps can be used to detect those
renormalization effects of the interactions between Ma-
jorana fermions and the fluctuations.
We show that the interactions do affect the cusp struc-
tures from the fixed point theory. The effect is closely re-
lated to the renormalization of Majorana fermion fields
when interacting with the massive fluctuating bosonic
fields. In general, the renormalized Majorana fields
can receive vertex corrections, have renormalized field
strengths and renormalized velocity. In the large m limit,
we can isolate the effect of µ-vertex (effective chemi-
cal potential) renormalization from the higher order field
strength and velocity renormalization effects. Although
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Figure 7. We consider the effect of Yukawa interactions
in Eq. (16) by including multi-loop diagrams. The solid
lines represent gapless free relativistic fermion propagators,
the dashed lines represent effective chemical potential µ which
is treated as an external field and the wavy lines represent the
free but massive boson propagators. (a) In the 1/m expan-
sion, a two-loop diagram can be approximated by a product
of two one-loop diagrams, as is shown here. CN1,N2 is the co-
efficient of each diagram, particularly C1,N−1 = −N (notice
each fermion loop contains a factor of −1). (b) Examples of
infrared divergent two-loop diagrams with four and six legs.
All the two-loop diagrams can be organized by the number
of external legs. Diagrams have non-vanishing contributions
to the order of 1/m2 if and only if both N1 and N2 are odd.
The vanishing and non-vanishing diagrams are separated by
the thick dash-dotted lines.
the order of phase transition is not affected by these ef-
fects, the amplitude of the non-analytical cusps can be
modified; most importantly the cusp measurement yield
information of how the Majorana fermion fields interact
with fluctuating bosonic fields.
Following the discussions in Sec. III C, we focus on
the Yukawa interaction λbf which represents the least
irrelevant interaction compared with other interactions
for our purpose. It has the least negative scaling dimen-
sion among all irrelevant operators and is also the leading
term in the 1/m expansion we apply below.
Corrections to the grand potential come from multi-
loop diagrams with internal bosonic propagators. These
diagrams can be conveniently organized in powers of
1/m2. In the following, we focus on the corrections to
the leading order of 1/m2. This involves all two-loop di-
agrams with one internal boson propagator (Fig. 7). One
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can obtain these diagrams by adding a pair of Yukawa
vertices λbfτz and an internal boson propagator to one-
loop diagrams of the fixed-point action. This increases
the number of fermion propagators by two compared with
the corresponding one-loop diagram. Following the pre-
vious section, since the Yukawa interaction also involves
the traceless τz matrix and the total number of vertices
still equal to the number of fermion propagators in these
two-loop diagrams, only diagrams with even number of
fermion propagators contribute to the grand potential,
and all the two-loop diagrams are even orders of µ.
To compute the effect of interactions, we first demon-
strate that one can approximate a two-loop diagram by
a product of two one-loop diagrams of the fixed point
action multiplied by a proper prefactor [see Fig. 7(a)].
Consider a two-loop diagram with N1 external legs on
one side and N2 legs on the other side, separated by a
bosonic propagator. Since G
(0)
B
−1 ≈ −m2 is indepen-
dent of frequency or momentum, the two integrations in
the diagram are separable in the leading order or 1/m2.
Each separate integration effectively describes a one-loop
diagram with N1 +1 and N2 +1 fermion propagators, re-
spectively. Thus, such diagrams, to the leading order of
1/m2, can be approximated by a product of two one-loop
diagrams with a prefactor CN1,N2λ
2
bf/(m
2µ2). CN1,N2 is
a numerical factor associated with the multiplicity of each
diagram. In particular, C1,N−1 = −N . The negative
sign comes from the fact that each fermion loop contains
a factor of −1. Higher order corrections can be included
by expanding the boson Green’s function [see Eq. (7)],
but these terms are at least order of 1/m4 and do not
concern us here. The above approximation significantly
simplifies our analyses.
Next, we classify all two-loop diagrams by the order
of µ and their IR behaviour. We demonstrate that only
a fraction of these diagrams contribute to the leading
non-analytical structure of the grand potential. We first
notice that some of the two-loop diagrams vanish in the
above approximation. Since we can approximate each
two-loop diagram with a product of two one-loop dia-
grams, each one-loop diagram has to have even number of
fermion propagators for the result not to vanish. There-
fore, we only need to consider diagrams in which both
N1 and N2 are odd. Furthermore, some two-loop dia-
grams are less singular than others in the IR limit. For
diagrams of the same order of µ, some of them are less di-
vergent than the one-loop diagram with the same number
of µ-legs, and thus only contribute to higher order non-
analytical terms. There is only one non-vanishing four-
leg diagram. For diagrams with six legs or more, there
are more than one non-vanishing diagrams. However,
not all of them contribute to the leading non-analytical
term. We use the six-leg diagrams as an example. There
are two non-vanishing six-leg diagrams [Fig. 7(b)]. Since
the one-loop diagrams diverges as µN/N−3 if and only
if N ≥ 4 in 2D, the first diagram with N1 = 1, N2 = 5
is divergent as µ6/3, same as the one-loop six leg dia-
gram; while the second one with N1 = N2 = 3 diverges
as µ6/2. As a result, the second diagram only con-
tributes to non-analyticities of higher order in µ. Sim-
ilarly, for N -leg two-loop diagrams, only the diagrams
with N1 = 1, N2 = N − 1 and C1,N−1 = −N contribute
to the non-analytical |µ|3 structure in 2D.
Adding these two-loop diagrams to the IR singular one-
loop diagrams, we have
∞∑
n=1
A2n
3−2nv1−2nf (µ
2n + 2nµ2n−1δµ)
=(µ+ δµ)3
∞∑
n=1
A2n
(
µ+ δµ

)2n−3
v1−2nf +O(δµ
2),
(30)
where δµ = −λ2bfΛcµ/(2pi2m2vf ). This indicates that
the leading order effect of the interactions between Ma-
jorana fermions and the fluctuations is to renormalize
the effective chemical potential from µ to µ + δµ. As a
result, if one expresses the grand potential of the inter-
acting system using the renormalized effective chemical
potential, the form of the cusp remains the same to the
leading order of 1/m2,
Ω2DNA =
|µ+ δµ|3
12piv2f
+O
(
1
m4
)
. (31)
We can also express this resultant grand potential in
terms of the effective chemical potential µ by keeping
the terms to order 1/m2,
Ω2DNA =
1
12piv2f
(
1− 3λ
2
bfΛc
2pi2m2vf
)
|µ|3 +O
(
1
m4
)
, (32)
and the leading non-analytical term of the effective com-
pressibility is
κ2DNA = −
|µ|
2piv2f
(
1− 3λ
2
bfΛ
2pi2m2vf
)
. (33)
Note that this approximation does not fully describe the
O(1/m4) correction.
Before closing our discussions on 2D isotropic superflu-
ids and superconductors, let us point out that the above
discussions can be straightforwardly generalized to time
reversal symmetric topological superfluids or supercon-
ductors discussed in the literature60,61. The time rever-
sal symmetric states can be constructed by putting two
copies of superfluids, px ± ipy together with ↑↑ and ↓↓
spins respectively. This can be shown to be equivalent to
the projection of a three dimensional Balian-Werthamer
state21 onto a two dimensional plane of kz = 0, with
∆(k) = iσy~σ · d(k), ~σ = (σx, σy) and d = kxex + kyey.
σx,y,z are Pauli matrices in spin space. These two copies
effectively form Kramer doublets which are connected by
the time reversal transformation.
The fixed point Hamiltonian takes a simple form of
HTRSFP =
1
2
ψ† [τx ⊗ σz(−i∂x)− τy ⊗ I(−i∂y)− τz ⊗ Iµ]ψ.
(34)
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where the superscript TRS indicates the time reversal
symmetry. The spinful Nambu fermion is defined by ψ =
(c↑(r), c↓(r), c
†
↑(r), c
†
↓(r))
T .
We construct the corresponding effective theory near
the fixed point by generalizing the interactions in the
single-copy theory above.
L = Lφ+,− + Lψ + Lψφ+,− ;
Lφ+,− = −
1
2
∑
i=+,−
φi(∂
2
τ + v
2
b∇2 −m2)φi + λbφ3i + gbφ4i ;
Lψ = 1
2
ψ [∂τ + τx ⊗ σz(−i∂x)− τy ⊗ I(−i∂y)− τz ⊗ Iµ]ψ;
Lψφ+,− =
1
2
λebf (φ+ + φ−)ψτz ⊗ Iψ
+
1
2
λobf (φ+ − φ−)ψτz ⊗ σzψ. (35)
Here φ+,− represent the pairing amplitude fluctuation
fields in px ± ipy channels respectively. λe,o are for in-
teractions in symmetric and antisymmetric pairing fluc-
tuation channels. The interaction is invariant under the
time reversal symmetry transformation.
There should be two Majorana edge modes related to
each other by the time reversal symmetry in the topolog-
ical phase but no edge modes in the trivial phase. For
a system of strip geometry with upper and lower edges
located at y = 0 and y = y0, the edge mode Hamiltonian
is
Hedge = (−1)1+Pu,l 1
2
ψ†u,l[vfσz(−i∂x)]ψu,l,
ψu,l(x) =
1
2
(1± τz)ei(pi/4)τyψ(x). (36)
where Pu = 1 and Pl = 0 are the eigenvalues of chirality
projection operators 12 (1+τz) corresponding to the upper
and lower edges, respectively. The edge modes are in the
class of symmetry protected topological states and are
robust to non-magnetic disorders61,62. The cusps have
the same feature as discussed above as long as superfluids
are isotropic.
To conclude this section, we present the schematics
of phases of the p-wave interacting ferimons in Fig. 8.
Here we assume no other instabilities than pairing, and
continuous phase transitions. In the inset, we show the
dispersion of the edge modes in the strip geometry. Note
that left- and right-moving modes are located on opposite
edges for the case of chiral superfluids; while in TRS su-
perfluids, there are a pair of Kramer doublet edge modes
on each edge. In the disk geometry, there is only one edge
mode for chiral superfluids, while two modes for TRS su-
perfluids which are Kramer doublets. The gapless modes
are either topologically protected in chiral superfluids, or
symmetry protected in time reversal symmetric superflu-
ids. In both cases, the phase transition in 2D is of the
third order.
g
TSF
NTSF
vacuum
μ
0 g*
k
E
k
A C
B
Figure 8. Schematic of phases of interacting fermions with p-
wave pairing. µ is the effective chemical potential of fermions
and g is the p-wave coupling constant in the underlying mi-
croscopic model. For weak interactions (g < g∗), the system
undergoes a phase transition between the topological super-
fluid (TSF) phase and vacuum at µ = 0 (labeled by arrow
A). For strong interactions (g > g∗), the vacuum to super-
fluid phase transition (labeled by arrow B) is expected to
occur at negative effective chemical potential, µ = µc(g). For
µc(g) < µ < 0, the system is in the non-topological superfluid
(NTSF) phase. A topological phase transition occurs at µ = 0
(labeled by C) for g > g∗. The inset shows the gapped bulk
dispersion and gapless boundary modes in the TFS phase of
a system with strip geometry.
VI. RELATION TO SUPERSYMMETRY
MODELS AND CUSPS IN 1D AND 3D
To discuss the relation to the N = 1 minimum super-
symmetry model and the topological phase transitions in
other spatial dimensions, it is beneficial to cast the effec-
tive theory in a standard Majorana fermion representa-
tion, where two-component Majorana fermions explicitly
couple to a single real scalar field. One can then straight-
forwardly extend the cusp analysis to 1D and 3D as long
as those topological phase transitions are also in the uni-
versality class of free Majorana fermions, disregarding
the microscopic origin.
We first introduce the field operators in the Majorana
representation
φ(r) = σ(r), Ψ(r) = (γ1(r), γ2(r))
T ;
γ1(r) =
1√
2
(c(r) + c†(r)),
γ2(r) =
1
i
√
2
(c(r)− c†(r)). (37)
γ1(r) and γ2(r) are real Majorana fermion operators that
obeys
γ†α(r) = γα(r), {γα(r), γβ(r′)} = δα,βδ(r− r′) (38)
with α, β = 1, 2. In this representation, the two-
component fermion operators Ψ(r) are real fermion op-
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erators satisfying
Ψ†(r) = ΨT (r), {Ψ(r),Ψ(r′)} = δ(r− r′). (39)
Notice that in the momentum space, the corresponding
fields have the following properties
Ψk = (γ1,k, γ2,k)
T , {Ψk,Ψk′} = δk,−k′ . (40)
Using the Majorana representation, the effective field
theory for the 2D px− ipy superfluid can be rewritten as
L = Lσ + LΨ + LΨσ + LSSB{Ψ,σ};
Lσ = −1
2
σ(∂2τ + v
2
b∇2 −m2)σ + gbσ4;
LΨ = 1
2
Ψ[∂τ − ivf (τz∂x − τx∂y) + µτy]Ψ;
LΨσ = −gbfσ2ΨτyΨ;
LSSB{Ψ,σ} = −λbfσΨτyΨ + λbσ3. (41)
Here Ψ(r, τ) = ΨT (r, τ).
This effective action at first sight appears to resemble
the N = 1 supersymmetric Yukawa-Gross-Neveu model.
The latter model in two spatial dimension has been re-
cently studied35 and is suggested to flow into a super-
symmetric conformal fixed point in (2 + 1)D. However,
there are two stark distinctions. One is that the real
scalar field is massive representing a disorder fixed point
from the fluctuation point of view. Equally importantly,
because the transition occurs at a symmetry breaking
state, the model generically contains a cubic term of σ3,
which is more relevant than the standard Z2 symmetry
preserving quartic term of σ4. These two terms represent
relevant operators in the massless limit, so unless both
the mass term and cubic term are further fine tuned to
vanish, the dynamics near the topological transitions con-
sidered here should be distinct from that of the N = 1
supersymmetry model and in general does not exhibit
emergent supersymmetries. By the same token, its pro-
jection onto 1D (discussed below) and the corresponding
phase transitions also do not exhibit the dynamics of the
N = 1 minimum supersymmetry model in (1 + 1)D.
In addition, the cubic term seems to suggest the possi-
bility of a discontinuous phase transition near this critical
point. This possibility is also hinted in a recent energetic
analysis of the stability of p-wave superfluid induced by
short range resonance interactions63. More efforts are
needed to understand the relations between different con-
siderations. For example, under which condition a dis-
continuous transition occurs, and what is the dependence
on the microscopic details. Here we only consider the
continuous transition.
In the previous sections, we mainly focus on 2D Majo-
rana fermions. Using the Majorana representation, we
can easily generalize our results to one and three di-
mensions. If a topological transition is characterized by
Majorana Fermi gases, generically the fixed point La-
grangian can always be written as
LΨ = 1
2
Ψ[∂τ +H(d)FP ]Ψ,
H(d)FP =
{ −ivfτz∂x + µτy, d = 1;
−ivf~Γ · ∇+ µΓ0, d = 3. (42)
Here τx,y,z are Pauli matrices in the γ1, γ2 subspace, ∇
is the 3D gradient operator, and ~Γ = (Γx,Γy,Γz) and Γ0
are Majorana matrices of the form
Γx = τz ⊗ σz, Γy = τx ⊗ I,
Γz = −τz ⊗ σx, Γ0 = τy ⊗ I, (43)
with σx,y,z being the standard Pauli matrices in spin
space. In 1D, Ψ is the same two-component spinless Ma-
jorana field; LΨ for 1D can be conveniently obtained by
projecting the two-dimensional LΨ in Eq. (41) onto the
ky = 0 plane.
In 3D we have generalized Ψ to a four-component spin-
ful Majorana field to include spins, and Ψ is defined as
Ψ(r, τ) = (γ1,↑, γ1,↓, γ2,↑, γ2,↓)T (44)
in real space. The particular representation of Γ matri-
ces has been chosen for isotropic superfluids of Balian-
Werthamer (BW) type21 with the spin quantization axis
d locked along the direction of momenta. The BW state
is commonly identified with 3He-B phase with a further
rotation of d by a magic angle21. The singularities ob-
tained below, however, are robust, independent of the
particular representation we employ to facilitate discus-
sions, applicable to all isotropic superfluids.
The distinction between µ > 0 and µ < 0 superfluids
in 3D is also hinted by the Hamiltonian manifold. Just
like the 2D case, we can examine the topology of the clas-
sical Hamiltonian manifold H(d=3)FP to infer the topology
of underlying superfluids. To facilitate discussions, we
can further add an infrared irrelevant gradient term HG
to H
(d=3)
FP without affecting the infrared physics. The
Hamiltonian inferred by Γ matrices then forms a matrix
representation of S3 manifold. The Hamiltonian effec-
tively defines a mapping from S3, the 3D momentum
space with |k| → ∞ identified, to S3 of the Hamilto-
nian manifold. Topological properties of the mappings
are specified by the third homotopy group of the clas-
sical Hamiltonian manifold S3, i.e. pi3(S
3) = Z. One
can show that the Hamiltonian with µ > 0 represents
a non-trivial mapping; while with µ < 0 again a trivial
one implying different topologies of superfluids when the
chemical changes sign.
Indeed, one can further show explicitly that the inter-
face between such two superfluids with effective chemical
potentials of opposite signs must support gapless Ma-
jorana surface states, just like in 2D, as a result of the
change of topology. These surface states can be described
by a surface Hamiltonian for interfaces perpendicular to
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the y-direction
Hsurface = (−1)1+Pu,l 1
2
Ψ†u,l[~σ · (−i∇× ey)]Ψu,l,
Ψu,l(x, z) =
1
2
(1± τz)Ψ(x, z), (45)
where ~σ = (σx, σy, σz). The subscripts u, l correspond to
upper and lower surface states. Pu = 1 and Pl = 0 are
the eigenvalues of (1 + τz)/2 for Ψu,l respectively.
The superfluids with µ > 0 hence have the helical sur-
face states with spin and momentum locked at a right
angle. Note that the gradient term HG again plays lit-
tle role in surface states as they are infrared irrelevant.
As expected, superfluids with positive effective chemical
potentials are topologically distinct from the ones with
negative effective chemical potentials, and there shall be
a phase transition between them.
Note that the Hamiltonian H(d=3)FP is explicitly time-
reversal invariant. Therefore, the Chern number charac-
terization cannot be directly applied to the discussions
on the superfluid topology. Instead, the time reversal
symmetry implies an intimate connection to Z2 topolog-
ical insulators. This was pointed out and discussed in
details in Ref.60,61,64–66. We refer the reader to these ref-
erences for more detailed discussions on the consequences
of time reversal symmetry in 3D topological superfluids.
However, the general classification of time reversal sym-
metric superfluids with Z2 indices, formally speaking, re-
lies on the symmetries of the Brillouin zone; this is be-
yond the scope of the effective theory in the continuous
limit which we are discussing. From a more physical
perspective, Z2 invariants effectively specify odd or even
number of helical states on each surface and hence distin-
guish topological versus non-topological superfluids. The
homotopy groups of a Brillouin zone or torus have also
been previously employed to classify time-reversal invari-
ant topological insulators in Ref.6.
As noted before, the 2D cusps we obtained in Sec. IV
(up to a prefactor) are directly applicable to time reversal
symmetric superfluids in 2D as the infrared physics of
isotropic superfluids is robust and independent of time
reversal symmetry. By the same token, below we will
focus on the general energetics and robust cusps in 3D
isotropic superfluids by applying the above theory as an
infrared effective description.
The cusps associated with the fixed point theory can
be studied in a similar way and the results are listed be-
low. As stated in Sec. IV, in odd spatial dimensions,
the leading non-analyticity contains a logarithmic diver-
gence. The resummation of IR divergent one-loop dia-
grams yields the following non-analytical grand potential
in 3D (see Appendix A for details)
Ω3D = − µ
4
16pi2v3f
ln
|µ|
v2f
+ analytical terms (46)
indicating a fourth order phase transition. Isolating
the non-analytical contributions, we obtain the non-
analytical part of the effective compressibility in 3D,
κ3DNA =
3µ2
4pi2v3f
ln
|µ|
v2f
. (47)
Just like in 2D, the interactions with massive fluctu-
ation fields via the Yukawa term renormalize the cusp
structure in 3D. Performing very similar calculations, we
obtain the results listed below. The grand potential is
Ω3DNA = −
µ4
16pi2v3f
(
1− λ
2
bf,3DΛ
2
c
2pi2m2vf
)
ln
|µ|
v2f
+O
(
1
m4
)
,
(48)
and the leading non-analytical term in the effective com-
pressibility is
κ3DNA =
3µ2
4pi2v3f
(
1− λ
2
bf,3DΛ
2
c
2pi2m2vf
)
ln
|µ|
v2f
, (49)
where λbf,3D is the effective coupling constant in 3D.
Finally, we turn to the 1D case. Using the fixed point
Hamiltonian of Majorana fermions, one finds that
Ω1D = +
µ2
4pivf
ln
|µ|
v2f
+ analytical terms. (50)
Accordingly,
κ1DNA = −
1
2pivf
ln
|µ|
v2f
, (51)
implying a second order phase transition.
Different from higher dimensions, the Yukawa inter-
action operator λbf is marginal in 1D, so it can poten-
tially lead to a different marginal divergent behavior. We
have performed a summation over the most divergent di-
agrams that are of order of (ln |µ|)/m2 and proportional
to λ2bf . These diagrams always involve a boson propa-
gator going around a single external µ-leg leading to the
renormalization of µ [See Fig. 5(b)]. Among the com-
plete set of diagrams of order of λ2bf , we neglect all other
sub-leading diagrams of order of 1/m2 without the log-
arithmic factors; this class of diagrams involve at least
one of the boson propagators spanned over more than
two external µ-legs.
In 1D, after taking into account these leading contri-
butions, the result is
Ω1DNA =
µ2
4pivf
(
1 +
λ2bf
2pim2vf
)
ln
|µ|
v2f
+
λ2bfµ
2
4pi2m2v2f
(
ln
|µ|
vfΛc
)2
+ higher order terms (52)
which is valid when (λ2 ln |µ|)/m2 is small. In the hy-
pothetical limit where µ becomes exponentially small so
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that (λ2bf ln |µ|)/m2 is no longer small, one then has to
further take into account the running of the coupling con-
stant λ2bf due to higher order effects. It remains an open
question how the marginal operators change the free Ma-
jorana fermion fixed point physics. However, we specu-
late that the order of phase transition remains the same,
although the marginal divergent behavior can be very
different.
In conclusion, in d dimensions, the topological phase
transitions in isotropic superfluids involving Majorana
fermions are (d + 1)th order with corresponding cusps
in thermodynamic potentials and the effective compress-
ibility (see Fig. 9 for illustration). These structures are
robust against interactions or fluctuations related to Ma-
jorana fermions67.
More cautions need to be made in the 1D effective
field theory as the continuous symmetry cannot be bro-
ken spontaneously in one dimension and the arguments
presented in Section III are not directly applicable. Nev-
ertheless, the effective field theory can still be employed
to characterize the IR physics and topological superfluid
phase transitions in a wide range of lattice pairing mod-
els such as the Kitaev model where the symmetry is bro-
ken explicitly29. In the typical Kitaev nearest-neighbour
pairing model and its extensions, the gauge symmetry is
broken as an input by construction and serves as a start-
ing point for considerations (i.e. disregarding one dimen-
sional nature of phase dynamics). For those transitions
that are effectively described by Majorana fermions, our
analysis above suggests detailed structures of cusps and
how interactions beyond the scope of those models can
further affect the singularities.
However, since the traditional effective field theory is
constructed out of local field operators, we do not antici-
pate the universality class of the effective model describe
the transitions in various 1D long-range lattice pairing
models. For instance, the order of transition here indeed
differs from that in a long range pairing lattice model
studied in Ref.68. Moreover, the Majorana zero modes
in our model have the standard exponential decay in real
space instead of the algebraical decay structure suggested
in the long range models69,70. The effective field theory
for long-range pairing lattice models are likely to be con-
structed out of non-local field operators and remains to
be studied in the future. In this article, we have restricted
ourselves to superfluids and transitions with local fields
only.
VII. SOME IMPLICATIONS OF CUSPS
Majorana fermions have been puzzling particles that
theorists and experimentalists have been searching for,
for many years. Almost massless neutrinos are a poten-
tial candidate for Majorana particles and remain to be
verified or disproved to be true Majorana particles ex-
isting in our universe. In the context of contemporary
condensed matter physics, the exploration of Majorana
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Figure 9. Leading order non-analytical behaviours of the ef-
fective compressibility in different spatial dimensions. The
compressibility κ develops a cusp at µ = 0 where the topo-
logical phase transition occurs. In 1D, κ is logarithmically
divergent. In 2D and 3D, the compressibility is continuous
but not analytical. To demonstrate the non-analyticity of κ
in 3D, we plot the second derivative of κ with respect to µ,
which is divergent at µ = 0.
physics in various crystals as an emergent phenomenon
has been mostly focused on the observation of zero en-
ergy Majorana modes bound or attached to an edge or an
interface. Tremendous efforts have been made to detect
these modes and impressive progress has already been
achieved.
Having freely propagating gapless Majorana
fields/fermions in 2D and especially 3D systems,
not particularly bound to a physical edge or surface,
is appealing, but can only be realized in very limited
physical systems. Detecting and visualizing these
exotic emergent particles in solids can be very exciting
opportunities. The cusp structures near topological
phase transitions obtained in this article are, in general,
uniquely associated with both the existence of gapless
Majorana fermions at the critical points, and more
importantly, the tunability of Majorana masses via
varying chemical potentials. The chemical potential
can be physically controlled by electric gates in solid
state systems, or for a system of fixed densities by
tuning interactions or fermion density. Therefore, to
a certain extent one can consider the cusps as one of
the alternative approaches for detecting the emergent
Majorana fermions and especially the variability of
Majorana fermion masses in the emergent many-body
phenomena. In contrast, in Dirac (or Weyl) semi-metals,
varying the chemical potential does not lead to a change
of Dirac masses, at least not in a simple non-interacting
picture. This is distinct from the response of Majorana
masses to chemical potentials. For instance, in 3D
topological Dirac semimetals, we do not expect a cusp
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in the derivative of the compressibility near half-filling.
Another interesting issue is whether the effective the-
ory is applicable in physical one dimensional superfluids
where the continuous symmetry cannot be broken in the
same way as in high dimensions. To avoid this dynamic
issue, a possibility is to embed the 1D dynamics in a 2D
geometry so that pairing order parameters effectively live
in 2D to suppress strong fluctuations. Alternatively, one
can also have a long but finite 1D system to suppress the
long wavelength fluctuations. In this case, the effective
theory shall correctly describe the low energy physics in
the mesoscopic structure, subject to a finite size effect
which will partially smear out the cusp structure near
the critical point. We anticipate that the effective theory
can still be extended to describe those transitions if the
underlying physics is local in nature.
VIII. CONCLUSION
In conclusion, we have identified and classified cusps
near phase transitions between topologically different
isotropic superfluids. These transitions are all character-
ized by massless Majorana fermions interacting with fluc-
tuation fields in different spatial dimensions. We argue
these are alternative approaches to detecting free prop-
agating Majorana fermions in the bulk with emergent
Majorana masses sensitive to many-body physics. In re-
cent years, there have been interesting attempts to estab-
lish duality connections between fermionic and bosonic
representations in 2D54–58. It remains to be fully un-
derstood how to approach these phase transitions in the
framework of dual theories. In addition, as mentioned
above although these transitions are generically non-
supersymmetric, it is intriguing to ask whether the tran-
sitions can be physically tuned to be supersymmetric and
under what energetic constraints this can happen36,38–41.
On the other hand, the edge states and surface states in
topological superfluids (i.e. with µ < 0) are robust and
massless. Thus, they can be ideal candidates for realiz-
ing supersymmetric conformal fields if further interacting
with bosonic fluctuation fields. This possibility of apply-
ing topological boundary states to create supersymmetric
fields was suggested before in Ref.39. We plan to explore
these issues in the future in other concrete many-body
systems.
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Appendix A: Resummation and non-analyticities in
grand potential
We compute the non-analytical terms in the grand po-
tential from the fixed point action. We sum up all one-
loop diagrams in different dimensions to obtain the gen-
eral form of the grand potential (in Euclidean space).
For 2D px ± ipy chiral superfluids,
Ω2D =
1
2
∫
dω
2pi
d2k
(2pi)2
∞∑
n=1
1
2n
Tr
[
(µGF (ω, k)τz)
2n
]
= −1
2
∫
dω
2pi
d2k
(2pi)2
ln
(
1 +
µ2
ω2 + v2fk
2
)
; (A1)
where GF is the Green’s function for spinless Nambu
fermions in 2D. The integration yields
Ω2D =
|µ|3
12piv2f
+ analytical terms. (A2)
For 2D TRS superfluids, one needs to take the spin degree
of freedom into consideration, and the grand potential is
Ω2DTRS =
1
2
∫
dω
2pi
d2k
(2pi)2
∞∑
n=1
1
2n
Tr
[(
µG
(N)
F (ω, k)τz ⊗ I
)2n]
=
|µ|3
6piv2f
+ analytical terms, (A3)
where G
(N)
F is the Green’s function for spinful Nambu
fermions in 2D.
For 3D superfluids,
Ω3D =
1
2
∫
dω
2pi
d3k
(2pi)3
∞∑
n=1
1
2n
Tr
[
(µG
(M3)
F (ω, k)Γ0)
2n
]
= − µ
4
16pi2v3f
ln
|µ|
v2f
+ analytical terms, (A4)
where G
(M3)
F is the Green’s function for spinful Majorana
fermions in 3D.
Lastly, for 1D spinless p-wave superfluids
Ω1D =
1
2
∫
dω
2pi
dk
2pi
∞∑
n=1
1
2n
Tr
[(
µG
(M1)
F (ω, k)τy
)2n]
=
µ2
4pivf
ln
|µ|
v2f
+ analytical terms, (A5)
whereG
(M1)
F is the Green’s function for spinless Majorana
fermions in 1D.
Here, we have omitted the explicit form of analytical
terms in all cases, since their exact form also depends on
the UV physics beyond the scope of the effective theory.
In contrast, the leading order non-analytical term is dic-
tated only by the infrared physics described by the fixed
point Lagrangian.
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